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Abstract
Let X be a separable metric space, μ a complete Borel measure on X that is finite on balls, and f a closed discrete dynamical
system on X that preserves μ and has the diameters of all orbits bounded. We prove that almost every point in X (in the sense of
measure μ) has its orbit contained in its ω-limit set.
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1. Introduction
In an earlier paper [1] we gave the proof of the following theorem for continuous-time dynamical systems:
Theorem 1.1. Let X be a separable metric space with metric d. Let μ be a complete Borel measure on X that is finite
on balls. Let Φ be a measure preserving dynamical system on X that has diameters of all its orbits bounded (not
necessarily uniformly). Define the set A as the collection of all points that have their orbits contained in their ω-limit
sets.
Then μ(X\A) = 0.
It turns out that a similar theorem is true for discrete dynamical systems. The proof, however, is not totally analo-
gous to its continuous-time counterpart. This paper contains a discrete-time equivalent of Theorem 1.1.
2. Main result
We begin with a handful of basic definitions.
Definition 2.1. A discrete dynamical system on metric space X is a continuous mapping f :X → X.
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M. Kulczycki / Topology and its Applications 154 (2007) 2558–2560 2559Definition 2.2. Let A denote the closure of the set A. The ω-limit set of a point x in X is defined as
⋂∞
n=1 {f n(x), f n+1(x), . . .}.
Definition 2.3. A minimal set of a dynamical system f is a set that is closed, nonempty, invariant with respect to f ,
and that does not contain a smaller set with such properties.
Definition 2.4. A dynamical system f is measure preserving with respect to a Borel measure μ if for any measurable
A ⊂ X we have μ(A) = μ(f −1(A)).
Theorem 2.5. Let X be a separable metric space with metric d . Let μ be a complete Borel measure on X that is finite
on balls. Let f be a closed measure preserving discrete dynamical system on X that has diameters of all its orbits
bounded (not necessarily uniformly). Define the set A as the collection of all points that have their positive-time orbits
contained in their ω-limit sets (that is, A is the set of positively recurrent points).
Then μ(X\A) = 0.
Remark 2.6. If X is assumed to be compact the theorem follows from general results about ergodic measures.
Remark 2.7. The theorem is false without the assumption that the diameter of every orbit is bounded (consider
a translation by 1 on the real line). In the discrete case this assumption is a stand-alone; in continuous-time case,
however, it is related to certain open problem (see [1]).
Proof of Theorem 2.5. Let ∀! denote “for almost all points except for a set of measure zero”.
1. Notice that it is enough to prove
∀ε > 0 ∀!x ∈ X ∃n1, n2, . . . → ∞ s.t. ∀i d
(
f ni (x), x
)
< ε.
Indeed, if A1/k is the set of all x ∈ X satisfying the above for ε = 1/k, then A =⋂∞k=1 A1/k . Therefore μ(X\A)∑∞
k=1 μ(X\A1/k) = 0.
2. To prove condition in paragraph one it would be enough to show that
∀ε > 0 ∀x ∈ X ∀!y ∈ B(x, ε) ∃n1, n2, . . . → ∞ s.t. ∀i f ni (y) ∈ B(x, ε).
For a given ε we choose a countable cover of X with such balls (X is separable metric, so it is Lindelöf). Note that
inside every ball from the covering each point that does satisfy the right part of the above property belongs to A2ε .
Inside every ball from the covering there is only a set of measure zero of points that do not satisfy the right part of the
above property, so X\A2ε is contained in a countable union of sets of measure zero.
3. For a given ε and x define
Bn =
{
y ∈ B(x, ε): {f n(y), f n+1(y), . . .}∩ B(x, ε) = ∅}.
Suppose y /∈ Bn. In this case for some m n we have f m(y) ∈ B(x, ε). By continuity of f there is a neighborhood
of y that is also mapped by f m into B(x, ε), proving that the complement of Bn is open. Then Bn is closed, so
measurable.
To prove the condition in paragraph two it is enough to show that μ(Bn) = 0. Indeed, if B denotes the set of points
y in the ball B(x, ε) for which the right part of the condition in paragraph two is not satisfied, then B =⋃∞n=1 Bn, and
if every Bn has measure zero then B is also a set of measure zero.
4. For a fixed ε, x, and n, define
B
j
n =
{
y ∈ Bn:
{
y,f (y), f 2(y), . . .
}⊂ B(x, j)}.
If y /∈ Bjn then either y /∈ Bn (and the same is true for some neighborhood of y as Bn is closed) or y ∈ Bn and for
some m we have f m(y) /∈ B(x, j). In this second case by continuity of f we get a neighborhood of y that also leaves
B(x, j). This proves that Bjn is closed and therefore measurable.
By our assumption that every orbit of f is bounded we conclude that Bn =⋃∞j=1 Bjn . Therefore in order to prove
that μ(Bn) = 0 it is enough to show that μ(Bjn) = 0.
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Consider the sets f pn(Bjn) where p = 0,1,2, . . . . All these sets are closed and contained in B(x, j). The first set
(p = 0) is contained in B(x, ε) while the rest is disjoint from that ball.
This means that f n(
⋃∞
p=0 f pn(B
j
n)) =⋃∞p=1 f pn(Bjn). Note that, as f n is measure preserving, the measure of⋃∞
p=0 f pn(B
j
n) is not greater than the measure of
⋃∞
p=1 f pn(B
j
n). In addition, since the measure of B(x, ε) is finite,
these measures have to be finite. From this follows that μ(Bjn) = 0 and this fact completes the proof. 
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